Abstract. In this note we prove that for every sequence (mq)q of positive integers and for every real 0 < δ 1 there is a sequence (nq)q of positive integers such that for every sequence (Hq)q of finite sets such that |Hq| = nq for every q ∈ N and for every D Jq ⊆ D for infinitely many k. This gives us a density version of a wellknown Ramsey-theoretic result. We also give some estimates on the sequence (nq)q in terms of the sequence of (mq)q.
Introduction
It is well known that many Ramsey-theoretic results admit density versions. For example, Szemeredi's theorem [Sz] which is just a density version of a much older and as famous Ramsey-theoretic result of van der Wearden [vW] . Density versions of Ramsey-theoretic results tend to be considerably harder to prove. A typical such example is the density version of the Hales-Jewett theorem [HJ] due to Furstenberg and Katznelson [FK] (see also [Po] ). All these examples belong to finite Ramsey theory in the sense of [GRS] . However, we have recently seen that infinite Ramseytheoretic results sometimes do admit density version in spite of the well-known fact that the original infinite Ramsey theorem itself ( [Ra] ) does not have a density version (see, for example, [EG] ). Recently, solving an old problem of Laver, Dodos, Kanellopoulos and Karagiannis [DKK] , have proved a density version of the famous Halpern-Läuchli theorem [HL] . This result has in turn triggered investigations of density versions of the finite form of the Halpern-Läuchli theorem (see [DKT] ). In this note we prove a density version of another infinite Ramsey-theoretic result, a Ramsey type result about products of finite sets (see [DLT] , [To] , Chapter 3) stating that for every infinite sequence (m q ) q of positive integers there is a sequence (n q ) q of positive integers such that for every sequence (H q ) q of finite sets such that |H q | = n q for all q ∈ N and for every coloring c : k for infinitely many k. More precisely, in this paper we prove the following density result, where by N we denote the set of the natural numbers starting by 0 and by N + we denote the set of the positive natural numbers. 
there exist a sequence of finite sets (I q ) q and an infinite subset L ′ of L such that
For the definition of the map V δ , we will need some auxiliary maps. In the next section we define these maps and we describe their properties.
2. The definition of the map V δ .
For every 0 < θ < ε 1 and every integer k 2 we set
We will need the following elementary fact. Although it is well known, we could not find a reference and we include its proof for the convenience of the reader.
Lemma 2. Let 0 < θ < ε 1 and k, N ∈ N with k 2 and N Σ(θ, ε, k). Also let (A i ) N i=1 be a family of measurable events in a probability space (Ω, Σ, µ) such that µ(A i ) ε for all 1 i N . Then there exists a subset F of {1, . . . , N } of cardinality k such that µ
Proof. Let A be the set of all functions σ : [k] → [N ] and B = {σ ∈ A : σ is 1-1}. Notice that
By our assumptions and Jensen's inequality, we see that
Since N Σ(θ, ε, k) we get
and the proof is completed.
For every 0 < ε 1 we define the map
where
q=j mq otherwise. The crucial property characterizing the map T ε is given by the following lemma. For its proof we will need the following notation. Notation 1. Let k 0 < k 1 < k 2 be nonnegative integers and (H q ) q be a sequence of nonempty finite sets. Also let x ∈ k1−1 q=k0 H q and y ∈ k2−1 q=k1 H q . By x y we denote the concatenation of the sequences x, y, i.e. the sequence z ∈ k2−1 q=k0 H(q) satisfying z(q) = x(q) for all q = k 0 , . . . , k 1 − 1 and z(q) = y(q) for all q = k 1 , . . . , k 2 − 1. Moreover, for A ⊆ Lemma 3. Let k ∈ N, ε be a real with 0 < ε 1 and m 0 , . . . , m k be positive integers. Also let (H q ) k q=0 be a finite sequence of nonempty finite sets, satisfying |H q | T ε (m p ) q p=0 for all q = 0, . . . , k and a subset D of k q=0 H q of density at least ε. Then there exists a sequence (I q ) k q=0 such that (i) I q ⊆ H q and |I q | = m q for all q = 0, . . . , k and (ii)
Proof. If k = 0 then the result is immediate. Indeed, in this case we have that
Suppose that k 1. Let ε 0 = ε and ε q+1 = (ε q /4) mq , for all q = 0, . . . , k − 1. It is easy to check that
q−1 p=j mp , for all q = 1, . . . , k.
We inductively construct sequences (I q ) k−1 q=0 and (D q ) k q=0 such that for every q = 0, . . . , k − 1 we have
We set D 0 = D and assume that for some q ∈ {0, . . . , k − 1}, (D p ) q p=0 and if q 1 also (I p ) q−1 p=0 have been constructed satisfying (a),(b) and (c) above. For every x ∈ H q , we set
Clearly the average of the densities of D ′ x as x runs in H q is equal to the density of D q and therefore, by the inductive assumption (b) above, at least ε q . By a Fubini type argument, we have that the set
is of density at least ε q /2 in H q . Thus
By Lemma 2 there exists
is of density at least e q+1 . The inductive step of the construction is complete.
Using property (c) above it is easy to see that I 1 . .
and therefore we may pick
is the desired one and the proof is complete. Definition 4. Let (H q ) q be a sequence of nonempty finite sets, L be an infinite subset of N + , k 0 ∈ N and 0 < ε 1. We will say that the sequence
Finally, we will say that
The next result is an immediate consequence of Lemma 3.
Corollary 5. Let (m q ) q be a sequence of positive integers, ε be a real number with 0 < ε 1, k 0 be a nonnegative integer and (H q ) q be a sequence of nonempty finite sets satisfying
For every reals ε, θ with 0 < θ < ε 1 and every positive integer r, we define the map Q 
By the definition of the the map Q r θ,ε , Corollary 5 has the following result as an immediate consequence.
Corollary 6. Let (m q ) q be a sequence of positive integers, θ, ε be real numbers with 0 < θ < ε 1, k 0 , r ∈ N with r 1 and (H q ) q be a sequence of nonempty finite sets such that
Lemma 7. Let i, r be positive integers, k 0 ∈ N with k 0 < i and θ, ε be reals with 0 < θ < ε 1. Also let (H q ) q be a sequence of nonempty finite sets satisfying
Proof. By passing to a final segment of L, if it is necessary, we may assume that min L > i. For every k ∈ L we have the following. For every y ∈
Observe that the average of the densities of Γ y as y runs in k−1 q=i H q is equal to the density of D k and therefore at least ε. By a Fubini type argument we have that the set
Passing to an infinite subset L ′ of L, we stabilize Γ k into some Γ, which of course is of density at least θ and the proof is complete.
Corollary 8. Let (m q ) q be a sequence of positive integers, i, r be positive integers, k 0 ∈ N with k 0 < i and θ, ε be reals with 0 < θ < ε 1. Also let (H q ) q be a sequence of nonempty finite sets such that 
By Corollary 6, we have that for every k ∈ L ′ there exists a finite
By (ii) above and (4), we get that Γ
Finally, in order to define the map V δ , we need some additional notation. For every s ∈ N we set ∆ s = {i/2 s : 0 < i 2 s in N}, ∆ = ∪ s∈N ∆ s and for every real δ with 0 < δ 1, we pick s δ ∈ N such that 2 1−s δ δ. Let δ be a real with 0 < δ 1. We define the map V δ : N 
Proof of Theorem 1
For the rest of this section we fix a real δ with 0 < δ 1, sequences (m q ) q , (n q ) q of positive integers satisfying
q=0 for all k ∈ N and a sequence (H q ) q of finite sets with |H q | = n q for all q ∈ N.
3.1. The inductive hypothesis. The main part of the proof consists of showing that for every countable ordinal ξ the property P(ξ) (see Definition 9 below) holds. In order to state the definition of the property P(ξ) we need some additional notation. For L an infinite subset of N, by [L] <∞ we denote the set of all finite subsets of L.
Notation 2. Let i be a positive integer, k 0 ∈ N with k 0 < i, Γ be a subset of 
For a hereditary family F , the rank of F is defined as follows. If F is not compact, we define the rank of F to be equal to ω 1 . Otherwise, for every ⊑-maximal element F ∈ F we set r F (F ) = 0 and recursively for every F ∈ F we set r F (F ) = sup{r F (G) + 1 : G ∈ F and F ⊏ G}. The rank of F is defined to be equal to r F (∅). The rank of a family F (i, Γ, (D k ) k∈L ) is defined to be equal to the rank of the hereditary family F (i, Γ, (D k ) k∈L ) ∪ {∅}. Finally, for M infinite subset of N and ξ countable ordinal, we will say that F (i, Γ, (D k ) k∈L ) is of hereditary rank at least ξ in M , if for every M ′ infinite subset of M , the hereditary family
is of rank at least ξ.
Definition 9. Let ξ be a countable ordinal number. We will say that P(ξ) holds, if for every θ < ε in ∆, every i ′ > k 0 in N, every infinite subset L of N + and
q=k0 H q of density at least θ such that the family
Corollary 10. The property P(1) holds.
We pick i i ′ such that θ, ε ∈ ∆ s δ +i . The result is immediate by Corollary 8. Lemma 11. Assume that for some sequence of countable ordinals (ξ n ) n we have that P(ξ n ) holds for all n ∈ N. Let η in ∆, k 0 < i ′ in N, L be an infinite subset of
, an infinite subset I = {i 0 < i 1 < . . .} of N and (Γ i ) i∈I being (k 0 , η 2 /8)-dense in (H q ) q such that and for every n ∈ N we have
Proof. Using P(ξ n ) we inductively construct a decreasing sequence (L n ) n of infinite subsets of L and a (k 0 , η
First by Ramsey's Theorem and Lemma 2 we may pass to an infinite subset L 0 of L such that min L 0 > i ′ and for every k < k ′ in L 0 we have that the set
′ as i −1 in case n = 0, the inductive step of the construction has as follows. For every k ∈ L n we set
q=k0 H q of density at least η 2 /8 such that the family
Passing to a final segment of L n+1 we may assume that min L n+1 > i n and the inductive step of the construction is complete. Indeed, property (a) is immediate, as well as property (c) by the observation that
Setting L ′ = {min L n : n ∈ N}, it is easy to check that the proof is complete.
Lemma 12. Assume that for some (not necessarily strictly) increasing sequence of countable ordinals (ξ n ) n we have that P(ξ n ) holds for all n ∈ N. Then P(ξ) holds, where ξ = sup{ξ n + 1 : n ∈ N}.
2 )-dense in (H q ) q such that and for every n ∈ N we have that
By the choice of (n q ) q , the definition of the map V δ and Corollary 6, we have that for every n ∈ N there exists a finite sequence (I (7) ln−1
. . , i n − 1 and J q = I q for all q = i n , . . . , max F − 1. By (7), (b) and the fact that F ∈ F (i n , Γ in , ( D k ) k∈L ) we have that
Lemma 12 is an immediate consequence of the claim above.
By Corollary 10 and Lemma 12 we have the following.
Corollary 13. For every countable ordinal ξ, the property P(ξ) holds.
We are ready to complete the proof for Theorem 1.
Proof of Theorem 1. Let L be an infinite subset of N + and (D k ) k∈L be δ-dense in (H q ) q . By Corollary 13 we have that for every countable ordinal ξ there exist a positive integer i ξ and a subset Γ ξ of i ξ −1 q=0 H q of density at least δ/2 such that the family F (i ξ , Γ ξ , (D k ) k∈L ) is of rank at least ξ. We pick A uncountable subset of ω 1 such that i ξ and Γ ξ are stabilized into some i and Γ respectively, for all ξ ∈ A. Let F = F (i, Γ, (D k ) k∈L ). Clearly the rank of F is greater that or equal to ξ, for all ξ ∈ A. Since A is uncountable we get that the rank of F is ω 1 . The latter and the hereditariness of the family F yields the existence of some infinite subset M = {m 0 < m 1 < . . .} of L such that for every F finite subset of M we have that F ∈ F . Clearly, we may assume that m 0 > i. Let us denote by F n the initial subset of M of length n+1, i.e. F n = {m 0 , . . . , m n }, for every n nonnegative integer. Thus for every positive integer n, since F n ∈ F , we have that there exist (I n denotes the xth iteration of A n . (The 0th iteration of any function is considered to be the identity.) In particular, according to the above definition we have that A 1 (x) = 2x for all x 1 and A 2 (x) = 2 x for all x ∈ N. All the functions A n are primitive recursive and more precisely A n belongs to the class E n+1 of the Grzegorczyk hierarchy for all n ∈ N. For the rest of this section we fix a real δ and a sequence (m q ) q of integers satisfying the following.
(a) 0 < δ 1/2 and (b) m q 2 for all q ∈ N.
For every 0 < ε δ/2, we set p ε = ⌈log(1/ε)⌉. By (a) it is immediate that p ε 2 for all 0 < ε δ/2. Moreover, for every k ∈ N we set pm k = k q=0 m q and spm k = k p=0 k q=p m q .
Lemma 14. For every nonnegative integer k and every real ε with 0 < ε δ/2, we have that T ε (m q ) k q=0
A 2 (5p ε pm k ).
By the latter inequalities and distinguishing cases for k = 1 and k > 1 one can easily derive the following. (12) 10(k − 1)pm k + (25 + 10s δ )pm k A
2 (s δ pm k ). On the other hand, using the elementary inequality 10x 2 2x for all integers x 4, the fact that s δ 2 and 5s δ pm k−1 + 1 3s δ pm k , we get that
2 (4s δ pm k ) The result follows easily by applying (12) and (13) to (11).
